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TORIC ACTIONS IN COSYMPLECTIC GEOMETRY
GIOVANNI BAZZONI AND OLIVER GOERTSCHES
Abstract. We show that compact toric cosymplectic manifolds are mapping
tori of equivariant symplectomorphisms of toric symplectic manifolds.
1. Introduction
The study of smooth manifolds endowed with the action of a Lie group dates
back to almost 150 years ago, with the Erlanger Programm of Felix Klein. In its
general form, it is a very ambitious program, hence it makes sense to consider
special classes of manifolds and Lie groups. Under such hypotheses, one may be
able to deduce rigidity results. For instance, Delzant proved in [10] that a compact
symplectic manifold of dimension 2n endowed with the effective action of an n-torus
is a combinatorial object, since it is given by a certain kind of polytope. In odd
dimension, the structure of toric contact manifolds has been investigated by Lerman
in [18], showing a pattern akin to the symplectic one, up to a few exceptional cases.
Apart from contact manifolds, cosymplectic manifolds can be considered as the
odd-dimensional analogue of symplectic manifolds. They were first defined by
Libermann in [21] and have been intensively investigated since, see for instance
[3, 7, 8, 9, 14, 20].
In this short note we study Hamiltonian torus actions on cosymplectic manifolds.
In Section 3 we give the natural definition of toric actions on cosymplectic manifolds
and prove some structural results: toric cosymplectic manifolds arise as mapping
tori of toric symplectic manifolds with a T -equivariant symplectomorphism. By a
result of Pinsonnault [25], this implies that, as smooth manifolds, they are products
of toric symplectic manifolds with a circle. A different proof of this fact in the K-
cosymplectic case is given in Section 4.
In the Poisson world, cosymplectic manifolds appear naturally as the vanishing
locus of Πn+1, where Π is the Poisson bivector on a (2n+2)-dimensional b-Poisson
manifold. Equivalently, they appear as the locus where the b-symplectic form blows
up on a (2n + 2)-dimensional b-symplectic (a.k.a. log symplectic) manifold, see
[12, 15]. Compact toric b-symplectic manifolds have been investigated in [13, 16].
In particular, in [16], the authors show that the effective action of a torus T n+1 on
a (2n+ 2)-dimensional b-symplectic manifold induces an effective action of a torus
T n on the cosymplectic hypersurface, thus producing a compact toric cosymplectic
manifold. Under the hypothesis that the symplectic foliation of this cosymplectic
manifold admits a compact leaf, they show that the cosymplectic manifold is the
product of a toric symplectic manifold and a circle, thus obtaining a result analogous
to ours. With respect to their approach, we make the following remarks:
• we do not assume the existence of a compact leaf in the symplectic foliation,
we rather prove that there is always one; this follows from Corollary 3.6
and the proof of Theorem 3.7;
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• in [15, Theorem 50], the authors prove that every cosymplectic manifold
arises as critical hypersurface of a b-Poisson manifold with boundary. How-
ever, the theory of toric b-Poisson manifolds developed in [16] is valid only
for closed manifolds, hence it is not immediately clear how to recover results
for arbitrary toric cosymplectic manifolds.
A previous preprint version of this paper contained a proof of a convexity theorem
for the momentum map of a Hamiltonian action on a cosymplectic manifold. The
referee pointed out to us that such a theorem did exist previously, see [17, Theorem
4.4].
Acknowledgements. We would like to thank Eva Miranda and A´lvaro Pelayo
for useful discussions. The authors are also indebted to the anonymous referee
for her/his help in improving the exposition of the paper and for pointing out to
us relevant literature. The first author is supported by a Juan de la Cierva –
Incorporacio´n Grant of Ministerio de Ciencia, Innovacio´n y Universidades (Spain).
2. Cosymplectic and Hamiltonian Lie group actions
Definition 2.1. A (2n + 1)-dimensional manifold is called cosymplectic if it is
endowed with a 1-form η and a 2-form ω, both closed, such that η∧ωn is a volume
form.
Since the 1-form η is closed, its kernel defines a codimension 1 foliation, denoted
Fη. On a cosymplectic manifold (M, η, ω) the Reeb vector field R is uniquely
determined by the conditions ıRη = 1 and ıRω = 0. It defines a 1-dimensional
foliation FR of the cosymplectic manifold.
Simple examples of cosymplectic manifolds are provided by symplectic mapping
tori (see [20]): let (L, σ) be a symplectic manifold and let ϕ : L→ L be a symplec-
tomorphism. Consider the Z-action on L × R generated by (p, t) 7→ (ϕ(p), t + 1).
The quotient space Lϕ = (L×R)/Z is a smooth manifold and has a natural cosym-
plectic structure (η, ω), obtained by projecting to Lϕ the cosymplectic structure
(dt, σ) on L× R. Moreover, one has a fiber bundle L→ Lϕ → S
1.
Let (M, η, ω) be a cosymplectic manifold and let G be a Lie group acting
smoothly on M . We denote the action of g ∈ G on M by x 7→ g · x.
Definition 2.2. The action is cosymplectic if
g∗η = η and g∗ω = ω ∀g ∈ G ;
in this case one says that G acts on (M, η, ω) by cosymplectomorphisms.
If G acts by cosymplectomorphisms then all fundamental vector fields of the
action are cosymplectic, i.e., for all A ∈ g we have
LA¯η = 0 and LA¯ω = 0 ,
where
A¯(x) =
d
dt
∣∣∣
t=0
exp(tA) · x
denotes the corresponding fundamental vector field.
Proposition 2.3. [4, Corollary 6.4] Let G be a Lie group acting on a cosymplectic
manifold (M, η, ω) by cosymplectomorphisms. Then η induces a linear form η0 ∈ g
∗.
Definition 2.4. Let (M, η, ω) be a cosymplectic manifold. A vector field X on M
is Hamiltonian if η(X) = 0 and there exists f ∈ C∞(M), invariant under the Reeb
flow, such that ıXω = df . The function f is the Hamiltonian of the vector field X .
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Given f ∈ C∞(M) invariant under the Reeb flow, the correspondingHamiltonian
vector field, denoted Xf , is uniquely determined by the condition η(Xf ) = 0 and
ıXfω = df .
The following definition was introduced by Albert [1].
Definition 2.5. Let (M, η, ω) be a cosymplectic manifold and let G be a Lie group
acting on M by cosymplectomorphisms. The action is Hamiltonian if there exists
a smooth map µ : M → g∗ such that
A¯ = XµA ∀A ∈ g ,
where µA : M → R is defined by the rule µA(x) = µ(x)(A) and XµA is the cor-
responding Hamiltonian vector field. Furthermore, we require µ to be equivariant
with respect to the natural coadjoint action of G on g∗:
µ(g · x) = g · µ(x) = µ(x) ◦Adg−1 .
µ is called a momentum map of the action.
It follows from the definition that µA is invariant under the Reeb flow and that
each component of the momentum map satisfies dµA = ıA¯ω. Moreover η(A¯) = 0
for every A ∈ g; this implies that, if M is compact, the R-action given by the flow
of the Reeb field is never Hamiltonian.
3. Toric cosymplectic manifolds
As in the symplectic situation, one has an upper bound for the dimension of a
torus that can act effectively and in a Hamiltonian fashion:
Lemma 3.1. Consider an effective Hamiltonian action of a torus T on a cosym-
plectic manifold M of dimension 2n+ 1. Then dim T ≤ n.
Proof. Let µ : M → t∗ be a momentum map of the action. Then, as T is Abelian,
by [4, Section 7] for all A,B ∈ t
0 = −µ[A,B] = {µA, µB} = −ω(A¯, B¯),
where {·, ·} is the Poisson bracket. The tangent spaces of the T -orbits are therefore
isotropic subspaces of Fη, which can be at most n-dimensional. 
Motivated by the symplectic setting we thus define toric objects in the cosym-
plectic category as those with a Hamiltonian action of maximal dimension:
Definition 3.2. A toric cosymplectic manifold is a cosymplectic manifold (M, η, ω)
of dimension 2n+ 1 with an effective Hamiltonian T n-action.
Example 3.3. If (L, σ, T, µ) is a toric symplectic manifold, and ϕ : L→ L is any T -
equivariant symplectomorphism, consider the mapping torus Lϕ = L×[0, r]/(p, 0) ∼
(ϕ(p), r), for some number r > 0. Its natural cosymplectic structure is toric with
respect to the T -action on the factor L.
Proposition 3.4. Consider a Hamiltonian T -action on a compact cosymplectic
manifold M , with momentum map µ : M → t∗. Then for generic A ∈ t, the
component µA of the momentum map µ is a T -invariant Morse-Bott function with
critical set MT .
Proof. In the special case of an action on a K-cosymplectic manifold, where T is
the subtorus of the closure of the flow of the Reeb vector field whose Lie algebra
is the kernel of η, this was shown in [4, Proposition 8.4]. The proof in the general
case is the same; the only difference is that in our situation we cannot identify the
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fixed point set MT with the union of the closed Reeb orbits (denoted C in [4])1.
The proposition is also a special case of [22, Theorem 3.4.6]. 
For our main result we need a sufficient condition for the compactness of the
leaves of Fη, which is essentially a distillation of the proof of [26, Theorem 1].
Lemma 3.5. Let M be a compact manifold. For any closed, nowhere vanishing
η′ ∈ Ω1(M) such that the cohomology class [η′] is a real multiple of an integer class,
the leaves of Fη′ are compact.
Proof. Via the usual identification of H1(M,Z) with homotopy classes of maps
M → S1, we can write cη′ = f∗(dt)+dg, for maps f :M → S1 and g : M → R and
a nonzero real constant c which is irrelevant as the kernel of cη′ equals the kernel
of η′. Denoting by π : R → S1 the projection, we can write the right-hand side as
(f + π ◦ g)∗(dt), where + is the group structure in S1. This in particular means
that h := f + π ◦ g is a submersion. Hence, it defines a fibration h :M → S1 which
coincides with the foliation defined by η′. 
The lemma shows that if the foliation Fη has nonclosed leaves, then no multiple
of the class [η] belongs to H1(M ;Z).
Corollary 3.6. Let (M, η, ω) be a compact cosymplectic manifold with b1(M) = 1.
Then the leaves of Fη are compact.
Proof. Since b1(M) = 1 and M is compact, it follows that H
1(M ;R) ∼= 〈[η]〉.
Since H1(M ;Z)/torsion →֒ H1(M ;R), a suitable multiple of η defines an integer
cohomology class, and we can apply Lemma 3.5. 
Theorem 3.7. Let (M2n+1, η, ω) be a compact toric cosymplectic manifold.
(1) b2k(M) = b2k+1(M) for all k = 0, . . . , n. In particular, b1(M) = b2n(M) =
1. Further, the leaves of the foliation Fη are (compact) toric symplectic
manifolds.
(2) M is cosymplectomorphic to the mapping torus of a T -equivariant symplec-
tomorphism of a toric symplectic manifold, as in Example 3.3.
Proof. By Proposition 3.4 a generic component µA : M → t∗ is a Morse-Bott func-
tion with critical setMT . In this situation it is known that the T -action is equivari-
antly formal in the sense that the equivariant cohomology H∗T (M) is a free module
over S(t∗). Further, µA is automatically an (equivariantly) perfect Morse-Bott func-
tion, by the Atiyah-Bott Lemma [2, Proposition 13.4] (see also [11, Proposition 4]).
Thus, the Poincare´ polynomial Pt(M) =
∑
i t
ibi(M) of M is given by
Pt(M) =
∑
B
tλBPt(B),
where B runs over the connected components of MT . In our situation, every
component of MT is a circle S1, hence Pt(B) = 1+ t. Moreover, all indices λB are
even. This implies that b2k(M) = b2k+1(M) for all k = 0, . . . , n, and in particular
b1(M) = 1.
1Note that the centered chain of equations in the proof of [4, Proposition 8.4] is incorrect.
The correct argument is as follows: one first chooses an adapted Riemannian metric g for which
the T -action is isometric. For this, one first averages over T to obtain a T -invariant metric gD
on D = ker η, and then defines a T -invariant Riemannian metric by g˜ = gD + η ⊗ η. Then one
continues as in the third paragraph of the proof of [4, Proposition 2.8]. The metric g produced
there is then automatically T -invariant. Using this metric g, the correct version of the computation
in [4, Proposition 8.4] reads HessµA (v, w)(p) = V (ω(A¯,W )) = V (g(A¯, φW )) = g(∇V A¯, φW ) +
g(A¯,∇V φW ) = g(∇V A¯, φW ) = ω(∇V A¯,W ). The missing factor 2 is irrelevant for what follows.
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By Corollary 3.6, this implies that the leaves of Fη are compact. At this point,
one can apply the same technique used in the proof of Proposition 15 and in the
discussion leading to Corollary 16 in [14]; the family of diffeomorphisms alluded to
there is given, in our situation, by the flow of the Reeb field. We conclude thatM is
cosymplectomorphic to the mapping torus Lϕ of the symplectomorphism ϕ : L→ L
which is obtained as the restriction of a “time-r map” of the Reeb flow to a leaf L.
As T commutes with the Reeb flow, ϕ is T -equivariant. 
The second statement of Theorem 3.7 identifies a compact toric cosymplectic
manifold M with the mapping torus of a T -equivariant symplectomorphism ϕ of
a toric symplectic manifold (L, σ, T, µ). Such a mapping torus is, as a smooth
manifold, isomorphic to the product L × S1 if and only if ϕ is isotopic to the
identity. By a result of Pinsonnault [25, Proposition 3.21 (1)] this is always the
case: there it is shown that the centralizer of T in the symplectomorphism group is
connected and contained in the group of Hamiltonian automorphisms. We obtain:
Corollary 3.8. A compact toric cosymplectic manifold is, as a smooth manifold,
the product of a toric symplectic manifold with a circle.
Remark 3.9. The reference of Pinsonnault was pointed out to us by the referee. A
previous version of this paper obtained the same result by using an argument due
to Lerman and Tolman, see [19, Proposition 7.3].
Remark 3.10. Not every compact coKa¨hler manifold is toric, even when the first
Betti number is 1. For instance, the compact 3-dimensional coKa¨hler manifold
constructed in [8] has b1 = 1 but is not homeomorphic to the product S
2 × S1,
hence it is not toric.
4. Toric K-cosymplectic manifolds
In [4] we introduced the notion of K-cosymplectic manifold, in analogy to the
notion of K-contact manifolds in contact geometry.
Definition 4.1. A K-cosymplectic manifold is a cosymplectic manifold (M, η, ω)
such that the Reeb field R is Killing with respect to some Riemannian metric.
If (M, η, ω) is a K-cosymplectic manifold equipped with a Riemannian metric
with respect to which the Reeb field is Killing, then FR is a Riemannian foliation.
Let (L, σ) be a symplectic manifold with a compatible Riemannian metric and let
ϕ : L→ L be a symplectomorphism which is also an isometry. It is easy to see that
Lϕ has a natural K-cosymplectic structure (see [4, Proposition 2.12]).
Not every cosymplectic manifold (M, η, ω) admits a metric which makes it K-
cosymplectic. We provide two classes of examples.
Example 4.2. Let (L, σ) be a compact symplectic manifold and let ϕ : L→ L be
a symplectomorphism. Suppose that there is a metric on (Lϕ, η, ω) such that the
Reeb field R is Killing. As proved in [4, Proposition 2.8], this is equivalent to the
existence of an adapted Riemannian metric h for which R is Killing, namely one for
which R is orthogonal to Fη. In our case, Fη is just the fiber of the mapping torus
bundle L→ Lϕ → S
1. The Reeb field R is the projection to Lϕ of the vector field
∂
∂t
on R, hence it projects further to a nowhere vanishing vector field on S1. Since R
is Killing, its flow consists of isometries and its time-1 map generates the structure
group of the mapping torus bundle; the latter is the cyclic group generated by ϕ,
according to [6, Propostion 6.4]. Consider the sequence {ϕn}n∈N; since Isom(Lϕ, h)
is a compact Lie group, by Myers-Steenrod, there exists a convergent subsequence
{ϕnk}k∈N; call ϕ¯ the limit isometry; since ϕ leaves every leaf invariant,
{
ϕnk
∣∣
L
}
k
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converges to ϕ¯
∣∣
L
. Consider now the standard symplectic form on the torus T 2 and
the symplectomorphism ϕA : T
2 → T 2 covered by the linear map
A =
(
2 1
1 1
)
.
of R2. For different n ∈ N, the actions of ϕnA on H
1(T 2;Z) ∼= Z2 are never
equivalent, hence the sequence {ϕnA}n does not admit any convergent subsequence.
Hence, T 2ϕA does not admit any metric which makes the cosymplectic structure
K-cosymplectic.
Example 4.3. A cosymplectic structure on a Lie algebra n with dim n = 2n + 1
is a pair (η, ω) with η ∈ n∗, ω ∈ Λ2n∗ such that dη = 0 = dω and η ∧ ωn 6= 0, d
being the Chevalley-Eilenberg differential. Assume that there is a scalar product h
on n such that R ∈ n, the Reeb field of (η, ω), is Killing. Then R is parallel with
respect to the Levi-Civita connection of h, see [4, Corollary 2.4]. In this case, one
checks that n splits as a direct sum n′ ⊕ 〈R〉, where n′ = ker η. According to [5,
Proposition 5.21], there exist nilpotent Lie algebras, not a direct sum, which admit
cosymplectic structures; on such Lie algebras, one finds no scalar product for which
the Reeb field is Killing. A nilmanifold is the compact quotient of a connected,
simply connected, nilpotent Lie group N by a lattice Γ. A geometric structure on
a nilmanifold Γ\N is invariant if it comes from a left-invariant geometric structure
on N , that is, from a geometric structure on n = Lie(N). Thus this construction
provides examples of (invariant) cosymplectic structures on nilmanifolds which are
not K-cosymplectic.
By Corollary 3.8, a compact toric cosymplectic manifold is the product of a
compact symplectic toric manifold and a circle. In this section we provide an
alternative proof of this corollary in the case of toric K-cosymplectic manifolds.
Theorem 4.4. Let (M, η, ω) be a compact toric K-cosymplectic manifold of di-
mension 2n+ 1. Then M is equivariantly cosymplectomorphic to a mapping torus
Lt = L× [0, r]/(p, 0) ∼ (tp, r), where L is a toric symplectic manifold, acted on by
an n-dimensional torus T , r > 0 some number, and t an element of T , considered
as a symplectomorphism t : L→ L. In particular, M is diffeomorphic to L× S1.
Proof. We know thatM is T -equivariantly cosymplectomorphic to a mapping torus
of some T -equivariant symplectomorphism ϕ : L→ L, where L is a toric symplectic
manifold. We have to show that ϕ is given by an element of T . For this, we note that
as M is K-cosymplectic, the Reeb flow consists of isometries with respect to some
auxiliary metric, hence its closure is a compact Lie subgroup. It follows that the
subgroupG of the isometry group ofM defined as the closure of the group generated
by T and ϕ is a compact Abelian Lie group acting on L by symplectomorphisms. By
[23, Lemma 7.1], the only elements in NG(T ) acting trivially on T are the elements
of T themselves. As G is Abelian, it follows that G = T , i.e., ϕ ∈ T .
The last assertion follows because the diffeomorphisms of L given by the elements
of T are isotopic to the identity. 
Corollary 4.5. A compact toric K-cosymplectic manifold (M, η, ω) carries an
adapted T -invariant coKa¨hler metric.
Proof. By Theorem 4.4, M is equivariantly cosymplectomorphic to a symplectic
mapping torus Lt, where (L, σ, T, µ) is a compact symplectic toric manifold and
t ∈ T is a symplectomorphism; hence L admits a compatible Ka¨hler structure,
since it is obtained by symplectic reduction of CN . Any element of T acts by
Ka¨hler automorphisms of L, thus M = Lt admits a natural coKa¨hler metric (see
Proposition 2.12 and Remark 2.13 in [4]). 
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Example 4.6. Let L be a toric symplectic manifold, equipped with a compatible
Ka¨hler metric, and t ∈ T such that {tn | n ∈ Z} is dense in T . Then T acts by
isometries on L, and the mapping torus Lt, as a K-cosymplectic manifold, has only
finitely many closed Reeb orbits. They are exactly those Reeb orbits that pass
through the finite fixed point set LT .
Example 4.7. Consider S2, with the standard circle action. Then an equato-
rial Dehn twist ϕ : S2 → S2 is an S1-equivariant symplectomorphism. The nat-
ural cosymplectic structure on the associated mapping torus is toric, but not K-
cosymplectic. In fact, if it was, then the time-1 map of the Reeb flow would be
an isometry fixing a nonempty open subset but not the whole manifold, which is
impossible. Note that ϕ is isotopic to the identity, so that this mapping torus is,
as a smooth manifold, diffeomorphic to S2 × S1.
In [4, Theorem 4.3] we showed that for a K-cosymplectic manifold, the basic
cohomology H∗(M ;FR) of the Reeb foliation encodes the same information as
ordinary de Rham cohomology H∗(M ;R): we have an equality
H∗(M ;R) = H∗(M ;FR)⊗ Λ〈[η]〉,
i.e.,
(4.1) Hp(M ;R) = Hp(M ;FR)⊕ [η] ∧H
p−1(M ;FR)
for all p = 0, . . . , 2n+ 1. In particular,
H1(M ;R) = H1(M ;FR)⊕ R · [η].
Corollary 4.8. For a toric K-cosymplectic manifold M we have Hodd(M ;FR) = 0.
Proof. The equalities (4.1) imply the relation bp(M) = bp(M,FR) + bp−1(M,FR)
between the Betti and basic Betti numbers ofM . Combining this with the equalities
b2k(M) = b2k+1(M) shown in Theorem 3.7 the claim follows by induction. 
5. Deformations
In this section we recall the deformations of type I and II of cosymplectic struc-
tures. We believe that such deformations are worth investigating: both of them
preserve the property of a cosymplectic manifold of being toric; those of type II al-
low to construct “genuine” cosymplectic manifolds, that is, cosymplectic manifolds
which are not cosymplectomorphic to symplectic mapping tori.
5.1. Type I deformations. In [4] we introduced deformations of type I of almost
contact (metric) structures. Let (M, η, ω) be a cosymplectic manifold and let θ ∈
X(M) be a cosymplectic vector field such that 1 + η(θ) > 0. Define
η′ =
η
1 + η(θ)
and ω′ =
ω + ıθω ∧ η
′
1 + η(θ)
.
Then (M, η′, ω′) is a cosymplectic manifold. Under appropriate compatibility con-
ditions, type I deformations preserve K-cosymplectic structures, see [4, Proposition
6.2].
Suppose (M, η, ω) is a cosymplectic manifold endowed with the Hamiltonian
action of a torus T . Given θ ∈ t, we can use the corresponding fundamental vec-
tor field θ¯ to perform a type I deformation of the cosymplectic structure, giving
(M, η′, ω′). Since the fundamental fields of the action belong to Fη, and this foli-
ation is preserved under a type I deformation, it makes sense to ask whether the
given torus action is also Hamiltonian for the deformed structure. This is indeed
the case:
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Proposition 5.1. The T -action on the deformed cosymplectic structure is Hamil-
tonian with momentum map µ′ : M → t∗,
µ′ =
1
1 + η(θ¯)
µ ,
where θ ∈ t induces the vector field θ¯ used to deform.
Proof. Let X be an element in t and denote by X¯ the corresponding fundamental
vector field on M . We compute
ıX¯ω
′ =
1
1 + η(θ¯)
(ıX¯(ω + ıθ¯ω ∧ η
′)) =
1
1 + η(θ¯)
(
dµX + ω(θ¯, X¯)η′
)
=
1
1 + η(θ¯)
(
dµX − dµX(θ¯)η′
)
=
1
1 + η(θ¯)
(
dµX − θ¯(µX)η′
)
.
Let us fix x ∈ M ; the integral curve of θ¯ passing through x comes from the 1-
parameter subgroup of θ ∈ t; by equivariance, for every g ∈ T belonging to this
1-parameter subgroup we have
µX(g · x) = µX(x) ◦Adg−1 = µ
X(x)
since, T being abelian, the adjoint action is trivial. Thus µX is constant along the
flow of θ¯ and the second summand vanishes, leaving us with
ıX¯ω
′ =
dµX
1 + η(θ¯)
.

Note that by Proposition 2.3, the momentum map has changed only by a con-
stant.
5.2. Type II deformations. In [4] we introduced as well type II deformations of
cosymplectic structures, in analogy with the contact setting. Consider a cosymplec-
tic manifold (M2n+1, η, ω) with Reeb field R and let β ∈ Ω1(M) be an arbitrary
closed basic form, that is, dβ = 0 and ıRβ = 0. Then η
′ = η + β is again a closed
1-form on M and since ıRβ = 0 = ıRω, β∧ω
n = 0, hence η′∧ω = η∧ω is a volume
form on M and (M, η′, ω) is a new cosymplectic structure on M . The 2-form ω
and the Reeb field of the deformed structure are the same, but the foliation Fη has
changed.
Suppose a torus T acts in a Hamiltonian fashion on a compact cosymplectic
manifold (M, η, ω) and let µ : M → t∗ be the corresponding momentum map. This
implies, in particular, that A¯ is tangent to Fη for every A ∈ t. Suppose we perform
a deformation of type II (M, η′ = η+β, ω) of (M, η, ω), where β is not only R-basic
but also T -basic, i.e., ıA¯η = 0 for all A ∈ t. The same T -action on (M, η
′, ω) is
again Hamiltonian; as ω has not changed, the momentum map has not changed
either.
The following general proposition shows that in order to keep the T -action cosym-
plectic it in fact suffices to assume that the closed one-form β is R-basic and T -
invariant, as T -horizontality is automatic:
Proposition 5.2. Consider an action of a torus T on a compact manifold M , with
at least one fixed point. Let η ∈ Ω1(M) be a T -invariant closed one-form on M .
Then η is T -basic.
Proof. It suffices to show the claim for those A ∈ t whose associated one-parameter
subgroup of T is closed, i.e., a circle S1. The T -invariance of the closed one-form
η implies that ıA¯η is a constant, say c. Because the T -action has a fixed point, by
computing this constant at a fixed point, we see that it has to vanish. 
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We wish to show that in the K-cosymplectic setting we can always achieve, by
a type II deformation, that the foliation Fη has all leaves closed.
Lemma 5.3. Let (M, η, ω) be a compact cosymplectic manifold. Then the inclusion
Ω(M,FR)
T → Ω(M,FR) of T -invariant, R-basic differential forms into R-basic
differential forms is a quasi-isomorphism of differential graded algebras.
Proof. In [24, §9.1, Theorem 1] it is shown that the averaging operator r : Ω(M)→
Ω(M)T ⊂ Ω(M) is homotopic to the identity, via a homotopy operator k : Ω(M)→
Ω(M), i.e., r− id = d ◦ k+ k ◦ d. The averaging operator restricts to a well-defined
map Ω(M,FR)→ Ω(M,FR)
T , and going through the proof, one verifies that also k
respects the condition of being R-basic. Thus, also r : Ω(M,FR) → Ω(M,FR)
T ⊂
Ω(M,FR) is homotopic to the identity, and one concludes as in the last paragraph
of the proof in [24]. 
We apply the lemma to the case in which (M, η, ω) is a compact K-cosymplectic
manifold; then, by (4.1) we have H1(M ;R) = H1(M ;FR) ⊕ R · [η]. Further, by
Lemma 5.3, we can find an R-basic, T -invariant closed 1-form β (which by Propo-
sition 5.2 is even T -basic) such that the class of η′ = η + β is a real multiple of an
integer class. By Lemma 3.5 the leaves of Fη′ are compact.
Finally we observe that we can use type II deformations also to produce examples
of Hamiltonian actions on cosymplectic manifolds M for which Fη has nonclosed
leaves, provided the first Betti number of M is larger than one. Here is a very easy
concrete example:
Example 5.4. For n ≥ 1 consider the manifold Mn = CP
n×T 2×S1. Interpreted
as the mapping torus of the identity on CPn×T 2, Mn has an obvious cosymplectic
structure (η, ω), where η is the length 1-form on S1 and ω is the product symplectic
structure on CPn × T 2. The torus T = T n acts on CPn in the usual way,
(t1, . . . , tn) · [z0 : . . . : zn] = [z0 : t1z1 : . . . : tnzn] .
and we consider the induced T -action on Mn acting only on the first factor.
This action is clearly Hamiltonian in the cosymplectic sense. If x1, x2 ∈ Ω
1(T 2)
generate the cohomology of T 2, we have H1(Mn;R) = 〈[x1], [x2], [η]〉. We now
perform a deformation of type II to the cosymplectic structure by setting η′ =
η+ε1x1+ε2x2; in particular, if we choose ε1 and ε2 to be rationally independent, the
leaves of the foliation Fη′ are the product of CP
n with an irrational codimension 1
foliation on T 2×S1, hence are noncompact inMn. However, T acts in a Hamiltonian
fashion on the deformed structure (Mn, η
′, ω), by the above discussion, and the
image of the momentum map for the action on the deformed structure coincides
with the original one, which is well-known to be the standard simplex in Rn.
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